Let a^O, 0S/
1. Let A denote the class of functions normalized by foz)=z+ 2n=2anz" which are analytic in U (|z|<l).
For 0Sß<l, we will let S*iß) represent the class of functions contained in A which are univalent and starlike of order ß; i.e., foz) e S*iß) if/(z)=z+2n=2 a"zn is analytic and univalent satisfying Re zf '(z)/f(z)>ß (z£Ü). Also, let P denote the class of analytic functions normalized by //(z)=l+2n=i cnz" sucri that Re p(z)>0 (z £ U). A function/(z) e A is said to be spiral-like if there exists a X (\X\ <tt¡2) such that Reeiizf'iz)lf(z)>0
(z e U). L. Spacek defined the class of spiral-like functions in 1933 and showed that these functions are univalent [15] .
In 1967, R. Libera [6] extended this definition to functions spiral-like of order ß. We say that foz) £ A is A-spiral-like of order ß (0Sß<l, \l\ <tt/2) if Re eazf'(z)lf(z)>ß cos X (z e U).
A function foz) £ A satisfying foz)f'(z)^0 (0<|z|<l) is said to be a-starlike of order ß (a^O, 0Sß<l) if For ß=0, we have the class of a-starlike functions (of order zero) which has been thoroughly investigated in [7] , [8], [9] , [10] , and [11] . Some of these results have been extended to 0</S<l by the author [13] . In this note, a class of functions which contains the classes of a-starlike functions of order ß and A-spiral-like functions of order ß as special cases is defined; the functions in this new class will be shown to be A-spiral-like. The author obtains an integral representation for the elements of this class in terms of A-spiral-like functions of order ß. Finally, a distortion and a rotation theorem for foz) ¡z whenever foz) is in this class is proved.
2. Just as the definition of A-spiral-likeness of order ß generalizes the definition of starlikeness of order ß, we will generalize the definition of a-starlikeness of order ß to a-A-spiral-likeness of order ß. In this section, we define the class of a-A-spiral-like functions of order ß-denoted S*(ß)-and show that each/(z) e S*(ß) is A-spiral-like of order ß.
Then/(z) is said to be a-A-spiral-like of order ß if (2) Re KiX, a., foz)) > ß cos A (z £ U)
where a^O, 0^^<1, |A|<tt/2.
Remarks, (i) For a=0, S$(ß) is the class of A-spiral-like functions of order ß.
(ii) For X=0=ß, we have S°(0)-the class of a-star-like functions (of order zero); while S°(ß) (a^O, 0<|/3<1) is the class of a-starlike functions of order ß.
In order to prove that a-A-spiral-likeness of order ß (a^O) implies A-spiral-likeness of order ß, we will need the following two lemmas: the first lemma is due to I. S. Jack [4] while the second is due to R. Libera [6] . Simplifying (3), it follows that
Differentiating (4) Thus, from (6), (7) and (8), it follows that 2kßil -ß)oi cos2 A (9) Re KiX, «,/(z)) = p1 cos A -^ M'-< ß cos A, 1 + |///|~ + 2 Re ///(u(£) contradicting the assumption that foz) £ Sx iß). Therefore |co(z)|<l in U and/(z) is A-spiral-like of order ß.
Corollary. If foz) e Sxiß) then foz) e S}(ß), OSySx.
Proof. By Theorem I, foz) e s£iß). Suppose there exists a y, 0<y<a, such that/(z) <£ Sx(ß). Then there is a £ g U for which (10) Re(^+l-^)sß^-l-Re^.
Substituting (10) into (11), we obtain 0 < (1 -a/y)(Re e'VWKO ~ ß cos A).
But (1-a/y)<0 implies Re euzf'(z)jfoz)<ß cos A, contradicting the assumption that/(z) e Sx(ß). Thus,/(z) e Sx(ß).
3. In this section, the author obtains an important integral representation for the elements of S^iß). Throughout this section a, ß, X will represent constants such that a>0, 0Sß<l, |A|<7r/2. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Proof. For/(z) e B(eal<x, ß), it follows from (12) that
Taking the logarithmic derivative of (13) To obtain a solution of (23) which is analytic and zero at the origin, take C=0. Thus, hiz) = «.e~iXil + Zñ=iCnznlioieixn + l)) is independent of the path of integration so that/(z) given by (21) is well defined. That foz) is a-A-spiral-like of order ß is a consequence of Theorem 2 and Lemma 1. Thus, the lemma is proved.
By combining the results of Theorem 2, Lemma 2 and Lemma 3, we have Theorem 3. A necessary and sufficient condition for foz) to be in Sxiß) is that foz) have the integral representation follows that
Substituting (29) into (27), we obtain f(z) " r» (30) log -= -2(1 -p>~,/lcos A log(l -e"z) dp(t).
Thus, q(z,t) is univalent in z and maps |z|^r<l onto a convex domain E, independent of /. From (30), we know that for fixed z (|z| = r<l) the points of log/(z)/z lie in the convex hull of E, denoted con E. However, since E is convex, F=con E and the points of log/(z)/z (z fixed, |z|=r<l) lie in the convex image of |z|^r under the mapping co(z) given by (27).
Remarks, Proof. This follows immediately by applying the same procedures as in the proof of Theorem 5 to arg/((z)/z=5,(r, r¡, X, ß). Here Sir, r¡, A, ß) is a real-valued function of r¡ whose derivative is zero for r¡3¡i-given by (37). The second derivative of S is positive for r?3 and negative for r/4 from which the result follows.
Remark. For ß=0, Theorems 5 and 6 give us the known results for A-spiral-like functions of order ß [13] .
